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Abstract. We study the gravitomagnetism in the TeVeS theory. We compute the gravito-
magnetic field that a slow moving mass distribution produces in its Newtonian regime. We
report that the consistency between the TeVeS gravitomagnetic field and that predicted by the
Einstein-Hilbert theory leads to a relation between the vector and scalar coupling constants
of the theory. We translate the Lunar Laser Ranging measurement’s data into a constraint
on the deviation from this relation.
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1 Introduction
The missing mass problem in the galaxies can be solved either by the modified standard model
of the elementary particles (the dark matter paradigm), or the modified Newtonian dynam-
ics/gravity (the dark force paradigm). The later approach started by the Milgrom’s theory
of the Modified Newtonian Dynamics (MOND)[1], changed to the a-quadratic Lagrangian
model for gravity [2] (AQUAL). A generally covariant realization of the AQUAL model is the
TeVeS theory [3]. The dynamical degrees of TeVeS are a scalar, a vector and a tensor.
TeVeS equations of motion are more evolved compared to those of the Einstein-Hilbert
theory. Its spherically static solution [4] is known but its exact Kerr-like solution is not
yet known. In one hand, we do not know the exact solution for the gravito-magnetic field
around the Earth in the TeVeS theory. In the other hand, however, we have acquired very
precise empirical knowledge on the gravitomagnetic field. In this paper, we calculate the
gravitomagnetic field of a slow moving mass distribution in the Newtonian regime of the TeVeS
theory. We report that the consistency between this gravitomagnetic field and that predicted
by the Einstein-Hilbert theory leads to a relation between the vector and scalar coupling
constants. We translate the Lunar Laser Ranging measurement’s data into a constraint on
the deviation from this relation.
The paper is provided as follows: Section (2) briefly reviews the field equations of the
TeVeS theory. Section (3) solves these equations at the linear order around the space-time
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geometry of the Earth. Section (4) reports that the consistency between this gravitomag-
netic field and that predicted by the Einstein-Hilbert theory leads to a relation between the
vector and scalar coupling constants of the theory and translates the Lunar Laser Ranging
measurement’s data into a constraint on the deviation from this relation.
2 Equations of motion of TeVeS
The dynamical degrees of freedom of the TeVeS theory are a rank two tensor (geometrical
metric) gµν , a vector field Aµ and a scalar field φ. Particles, however, move on the geodesic
of the (Einstein) physical metric defined by
g˜ab = e
−2φgab − 2AaAb sinh(2φ) . (2.1)
The vector field is forced to be the unite timelike vector with respect to the Einstein metric
g˜abAaAb = 1 . (2.2)
We assume that matter is an ideal fluid. So the physical energy momentum tensor takes the
form of
Tab = ρuaub + p(g˜ab + uaub) , (2.3)
where ρ is the proper energy, p is the pressure and ua is the 4-velocity, all three expressed in
the physical metric. In this work we set p = 0 and use
T00 = ρ , (2.4)
T0i = Ji = ρvi . (2.5)
The metric equation of motion reads
Gab = 8piG(Tab + (1− e−4φ)AµTµ(aAb) + τab) + Θab , (2.6)
where Gab is the Einstein tensor constructed out from the metric and its derivatives, round
bracket represents symmetrization with respect to indices, e.g. A(aBb) = AaBb +AbBa. And
τab and Θab stand for the contribution of the scalar and vector fields:
τab ≡ σ2
(
φ,aφ,b − 1
2
gµνφ,µφ,νgab −Aµφ,µ(A(aφ,b) −
1
2
Aνφ,νgab)
)
− 1
4
Gl−2σ4 F (kGσ2)gab,
(2.7)
Θab ≡ K
(
gµνFµaFνb − 1
4
FµνF
µνgab
)
− λAaAb , (2.8)
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where Fab represents the field strength of the vector field
Fab = ∂aAb − ∂bAa , (2.9)
and λ is a Lagrange multiplier. Notice that K and k are respectively the vector and scalar
couplings, l is a parameter and F stands for the TeVeS function. It is useful to define a
function µ(y) by
− µF (µ)− 1
2
µ2F ′(µ) = y , (2.10)
using which expresses the equations of the scalar fields to
kGσ2 = µ(kl2hµνφ,µφ,ν) , (2.11)
∇β
(
µ(kl2hµνφ,µφ,ν) h
αβ φ,α
)
= kG[gµν + (1 + e−4φ)AµAν ]Tµν , (2.12)
where
hab ≡ gab −AaAb . (2.13)
The equation of motion for the vector field reads
K∇bF ab + λAa + 8piGσ2Ab∇bφ ∇aφ = 8piG(1− e−4φ)AbT ab . (2.14)
The equation of motion for the Lagrange multiplier is derived by contracting (2.14) with Aa
and utilizing (2.2):
λ = 8piG(1− e−4φ)AaAbT ab −KAa∇bF ab − 8piGσ2(Ab∇bφ)2 . (2.15)
3 TeVeS theory in the space-time geometry around the Earth
We shall consider the Newtonian regime of TeVeS theory wherein µ ≈ 1. We also assume
that l is large enough to ignore the last term in the right hand side of (2.7). In other words
we solve the TeVeS equations of motion in the Newtonian regime of the theory. Thus we set:
τab = σ
2
(
φ,aφ,b − 1
2
gµνφ,µφ,νgab −Aµφ,µ(A(aφ,b) −
1
2
Aνφ,νgab)
)
+O(
1
l
) , (3.1)
σ2 =
1
kG
+O(
1
l
) . (3.2)
Note that O(1l ) = O(
c2
l ) = O(
a0
aN
) where a0 is the critical acceleration of the MOND theory
and aN is the Newtonian gravitational field strength. We are interested in the solution
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representing the space-time geometry around the Earth. To this aim we consider that in the
absence of the Earth holds :
gab = ηab , (3.3a)
φ = 0 , (3.3b)
Aµ = δ
0
µ , (3.3c)
λ = 0 , (3.3d)
while the Energy-Momentum tensor (2.3) reads
p = ρ = 0 . (3.3e)
Notice that (3.3) solves (2.6), (2.12), (2.14) and (2.15). The Earth introduces a perturbation
to (3.3):
gab = ηab + h
(1)
ab +O(
2) , (3.4a)
φ = 0 + φ(1) +O(2) , (3.4b)
Aµ = δ
0
µ + A
(1)
µ +O(
2) (3.4c)
λ = 0 + λ(1) +O(2) , (3.4d)
and
p = 0 + p(1) , (3.4e)
ρ = 0 + ρ(1) , (3.4f)
where  is the systematic parameter of the perturbation. In the approximation we are working
in p(1) = 0. Inserting the perturbative series in the Einstein metric yields:
g˜ab = ηab + (h
(1)
ab − 2φ(1)ηab − 4δ0aδ0bφ(1)) +O(2) . (3.5)
The inverse of the Einstein metric holds
g˜ab = ηab − (ηaαηbβh(1)αβ − 2φ(1)ηab − 4ηaαηbβδ0αδ0βφ(1)) +O(2) . (3.6)
Inserting (3.6) and (3.4c) into (2.2) gives an equation for A(1)0 which is solved by
A
(1)
0 =
1
2
h
(1)
00 − φ(1) . (3.7)
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Inserting the perturbative series in (2.15) and keeping the first order perturbation gives
λ(1) = −K∇bF (1)0b . (3.8)
The space-time geometry around the Earth is stationary at the leading approximation:
A(1)µ ≡ A(1)µ (~x) , (3.9a)
h(1)µν ≡ h(1)µν (~x) , (3.9b)
φ(1) ≡ φ(1)(~x) . (3.9c)
Utilizing (3.9) in (3.8) yields:
λ(1) = −K∇2A(1)0 , (3.10)
where in the Cartesian coordinates
∇2 =
3∑
i=1
(∂i)
2 . (3.11)
Inserting (3.4) into (3.1) and (2.8) yields:
τab = 0 +O(
2,
1
l
) , (3.12)
Θab = 0− λ(1)δ0aδ0b +O(2,
1
l
) , (3.13)
inserting which into (2.6) results
G
(1)
ab = 8piGT
(1)
ab − λ(1)δ0aδ0b . (3.14)
where G(1)ab represents the linearized Einstein tensor constructed out from hµν . Now let the
gravitoelectric and gravitomagnetic fields be defined as usual:
Φ =
1
2
h00 , (3.15)
Ai = h0i . (3.16)
Then in the GravitoElectroMagnetism’s approximation eq. (3.14) is re-expressed to
∇2Φ = 4piGρ− 1
2
λ(1) , (3.17)
∇2A = 16piG
c2
~j , (3.18)
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where ~j is the current density: ~j = ρ~v. Inserting the perturbative series of (3.4) in (2.12)
results
∇2φ(1) = kGρ . (3.19)
Eq (3.7), (3.10),(3.17) and (3.19) imply that
(1− K
2
)∇2Φ + K
2
∇2φ(1) = 4piGρ . (3.20)
Using (3.19) in (3.20) gives:
∇2Φ = 4piG1−
kK
8pi
1− K2
ρ . (3.21)
Recalling that the Newtonian potential ΦN solves
∇2ΦN = 4piGρ , (3.22)
where G is the Newton’s constant, Φ and φ(1) can be expressed in term of ΦN
Φ =
1− kK8pi
1− K2
ΦN , (3.23)
φ(1) =
k
4pi
ΦN . (3.24)
Notice that particles move on the geodesic of the Einstein (physical) metric (3.5). The physical
gravitoelectric and gravitomagnetic field, therefore, must be defined by the physical metric:
ΦPhy ≡ 1
2
g˜
(1)
00 , (3.25)
APhyi ≡ g˜0i . (3.26)
Eq. (3.5), (3.15), (3.16), (3.23) and (3.24) then imply that
ΦPhy = Φ− φ(1) =
(
1− kK8pi
1− K2
− k
4pi
)
ΦN , (3.27)
APhyi = Ai . (3.28)
The physical quantities, therefore, solve:
∇2ΦPhy =
(
1− kK8pi
1− K2
− k
4pi
)
4piGρ , (3.29a)
∇2APhyi =
16piG
c2
~j . (3.29b)
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We observe that for k = 4pi, the physical gravitoelectric field vanishes. In the limit of the
K → 2, the physical gravitomagnetic field diverges.We assume that k 6= 4pi and K 6= 2. In
these regimes, the 1
r2
behavior of the ΦPhy is used to measure the Newton’s constant. Because
of (3.29a) the measured value of the Newton’s constant in the TeVeS theory reads:
GObs. ≡
(
1− kK8pi
1− K2
− k
4pi
)
G . (3.30)
Rewriting (3.29) in term of the observed value of the Newton’s constant yields
∇2ΦPhy = 4piGObs.ρ , (3.31a)
∇2APhyi = (1 + β)
16piGObs.
c2
~j , (3.31b)
where
β ≡
(
1− kK8pi
1− K2
− k
4pi
)−1
− 1 (3.32)
The Einstein-Hilbert gravity, however, predicts that
∇2ΦEH = 4piGObs.ρ , (3.33a)
∇2AEHi =
16piGObs.
c2
~j . (3.33b)
Comparing (3.31b) and (3.33b) proves that the TeVeS theory and the Einstein-Hilbert grav-
ity generally predict different values for the gravitomagnetic field around the Earth. The
deviation is measured in term of the β parameter defined in (3.32).
4 Consistency between Einstein-Hilbert gravity and TeVeS theory
The theoretical consistency between (3.31b) and (3.33b) requires that
β = 0. (4.1)
In other words the gravitoelectric field of the Newtonian regime of TeVeS theory coincides to
that predicted by Einstein-Hilbert gravity only for (4.1). Using (3.32) in (4.1) results
4pi − 2piK
4pi − k = 1 , (4.2)
which for k 6= 4pi and K 6= 2 is solved by
K =
k
2pi
. (4.3)
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Figure 1. The dashed area represent the allowed range for γ(k).
It is expected that k  1 [3], and for this range of k, when (4.3) is hold then the TeVeS theory
is consistent with the Einstein-Hilbert theory.
The Gravity Probe B [6] provides measurements of the geodetic and frame-dragging
effects at an accuracy of 0.28% and 19%, respectively. Ref. [5] considers the lunar laser ranging
measurements and reports that the Einstein-Hilbert gravitomagnetic force is consistent with
the observation with 0.1% accuracy. The LLR bound, thus, requires
|β| < 10−3 , (4.4)
at the standard confidence level. Eq (4.4) allows a deviation from (4.3). Let it be defined
that
K =
k
2pi
+ γ(k) . (4.5)
where γ(k)  1 and γ(k) encodes the deviation from (4.3). Inserting (4.5) into (3.32), and
taylor expansion in term of γ(k) results
β =
2pi
k − 4piγ(k) , (4.6)
The LLR bound (4.4) then requires that
|γ(k)| < 10−3
∣∣∣∣k − 4pi2pi
∣∣∣∣ , (4.7)
Fig. 1 depicts the allowed range for γ(k) given in (4.7) for k ∈ {−2pi, 6pi}.
5 Conclusion
We have calculated the gravitomagnetic field around a slow moving mass distribution in the
Newtonian regime of the TeVeS theory. We have shown that requiring consistency between
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the gravitomagnetisem in the Einstein-Hilbert theory and the TeVeS theory leads to a relation
between the scalar and vector coupling constants of the TeVeS theory. We have provided the
deviation from this relation that is allowed by the LLR measurements.
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